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DYNAMICS ON BUNGEE SET OF TRANSCENDENTAL ENTIRE
FUNCTIONS
RAMANPREET KAUR AND DINESH KUMAR
Abstract. In this paper, we have explored some of the basic properties of the Bungee
set of a transcendental entire function. We have provided a class of permutable entire
functions for which their Bungee sets are equal. Moreover, we have given a class of
permutable entire functions for which the escaping set of the composite entire function
equals the union of the escaping sets of the two functions. In addition, we provide an
important relation between the Bungee set of composite entire function with the Bungee
set of individual functions.
1. introduction
Let fn denote the n-th iterate of a transcendental entire function. In complex dynamics,
we usually study about the Fatou set denoted by F (f) (where the dynamics is stable) and
the Julia set denoted by J(f) (where the dynamics is unstable). The Fatou set and the
Julia set partitions the complex plane in the sense of normality into two disjoint sets. For
an introduction to the basic properties of these sets one can refer to [5]. We can also
partition the complex plane by considering the nature of the orbit of a point. Here, by
considering the nature of the orbit of a point, we mean that we consider three different set
of points which can be defined as follows:
(1) Escaping set (denoted by I(f), contains all those points whose orbits escape to
infinity) which was first introduced by Eremenko [9];
(2) Filled Julia set (contains all those points whose orbit is bounded, denoted byK(f));
(3) Bungee set (contains all those points whose orbit contains at least two subsequences
such that one subsequence is bounded and other escapes to infinity), denoted by
BU(f).
From the above definition of sets, we can say that BU(f) = C\ I(f)∪K(f). The set K(f)
has been extensively studied for a non-linear polynomial f but has not been explored
much when f is transcendental entire function. Some of the topological properties of the
set K(f) where f is a transcendental entire function has been discussed in [13] (see the
references therein for more information on K(f)).
Bungee set of a polynomial of degree at least 2 is not of much interest since it turns out
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that if f is a polynomial of degree at least 2 then BU(f) = ∅. However, for a rational map
R of degree at least 2 which is not a polynomial, BU(R) can be non-empty. For instance,
consider R(z) = 1/zd, d ≥ 2. It can be easily seen that BU(R) = {z ∈ C : |z| < 1∪|z| > 1}.
The basic properties of Bungee set of a transcendental entire function f are listed as follows
[14]:
(i) BU(f) 6= ∅;
(ii) BU(f) ∩ J(f) 6= ∅.
It was also observed in [8] that BU(f)∩F (f) 6= ∅, for some transcendental entire function
f (though notion of BU(f) was not formally defined at that time). The proof of first two
properties follows from the fact that there always exists an element in J(f) whose orbit is
dense in J(f) [3].
Osborne and Sixsmith formally defined the notion of Bungee set of a transcendental
entire function [14]. They proved the following theorem which gives a connection between
a Fatou component and the Bungee set:
Theorem 1.1. [14] Let f be a transcendental entire funtion such that U ∩ BU(f) 6= ∅,
where U ⊂ F (f). Then
(a) U ⊂ BU(f) and U is a wandering domain of f ;
(b) J(f) = ∂BU(f).
To the best of our knowledge, not much has been explored regarding Bungee set of a
transcendental entire function. One of our principal aim is to discuss some of the basic
properties satisfied by BU(f), where f is transcendental entire. After studying the proper-
ties of BU(f), it is natural to look for the relation between Bungee set of the composition
of transcendental entire functions with the Bungee set of individual transcendental entire
function. Moreover, these kind of relations are also important if one wants to talk about
Bungee set of a finitely generated semigroup of transcendental entire functions . We have
provided a class of permutable entire functions for which Bungee sets are equal. Moreover,
we have given a class of permutable entire functions for which the escaping set of the
composite entire function equals the union of the escaping sets of the two functions. In
addition, we provide an important relation between Bungee set of composite entire func-
tion with those of the individual functions. Throughout the paper, by an entire function
we shall mean transcendental entire, unless otherwise stated.
2. basic properties and results on bungee set
Recall that, a set W is forward invariant under a function g if g(W ) ⊂ W and W is
backward invariant under g if g−1(W ) = {w ∈ C : g(w) ∈ W} ⊂ W. The set W is called
completely invariant under g if it is both forward and backward invariant under g. In [14],
it was observed that BU(f) is a completely invariant set. Also, BU(f) = BU(fn), n ∈ N.
These are simple consequences of the definition of BU(f) and the corresponding properties
for I(f) and K(f).
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For a transcendental entire function f, we now consider a dense Gδ subset of J(f) in
the relative topology of J(f) and show its non-emptiness when J(f) 6= C (see [3]).
Lemma 2.1. Consider, D(f) = {z ∈ J(f) : O(z) is dense in J(f)}, where O(z) denotes
orbit of point z. Then D(f) 6= ∅ if J(f) 6= C.
Proof. Suppose that D(f) = ∅, then D(f) = ∅ and hence (D(f))c = J(f) i.e., (D(f)c)0 =
J(f), where (A0 denotes interior of a set A and Ac denotes complement of a set A). It
shows that J(f) has non-empty interior which is a contradiction as J(f) 6= C. 
It is easy to see that D(f) is a dense Gδ subset of J(f) in the relative topology of J(f).
This, in particular, establishes that BU(f) 6= ∅ and an infinite set which is unbounded [3].
We now provide a class of permutable transcendental entire functions for which corre-
sponding Bungee sets are equal.
Theorem 2.2. Let f and g be two permutable entire functions such that g(z) = af(z)+ b,
where a 6= 0, |a| < 1. Then BU(f) = BU(g).
Proof. We prove this result by showing that BU(f) ⊂ BU(g) and BU(g) ⊂ BU(f). For
this, suppose that z0 ∈ BU(f). Then there exists two subsequences {mk}, {nk} and a
constant R > 0 such that fmk(z0)→∞ as k →∞ and |f
nk(z0)| < R for all k = 1, 2, 3, . . .
Since g(z) = af(z) + b, so take p(z) = az + b which gives us that g(z) = p(f(z)). Using
induction, we can find that gn(z) = pn(fn(z)). Now, consider
|gnk(z0)| = |p
nk(fnk(z0))|
= |ankfnk(z0) + b(1 + a + · · ·+ a
nk−1)|
≤ |ank ||fnk(z0)|+ |b|(1 + |a|+ · · ·+ |a|
nk−1)
≤ rR + s
where |ank | ≤ r(say) and |b|(1 + |a|+ · · ·+ |a|nk−1) ≤ |b|
1−|a|
= s(say) as k →∞. Also,
|gmk(z0)| = |p
mk(fmk(z0))|
= |amkfmk(z0) + b(1 + a+ · · ·+ a
mk−1)|
≥ |amk ||fmk(z0)| − |b|(1 + |a|+ · · ·+ |a|
mk−1)
≥ δ|fmk(z0)| − |b|
1
1−|a|
for some δ > 0. This shows that |gmk(z0)| → ∞ as k → ∞. Hence, z0 ∈ BU(g) i.e.,
BU(f) ⊂ BU(g). On similar lines, one can show that BU(g) ⊂ BU(f) and this proves
the result. 
Recently, it has been proved by Singh [15], that for any bounded Fatou component P of
a transcendental entire function f , we have ∂P ∩BU(f) = ∅. In the same paper, he raised
the following question.
Problem: If U is an unbounded Fatou component of a transcendental entire function f
then can we still say that ∂P ∩ BU(f) = ∅ ?
We found that, answer to this question is in negation in case U is a completely invariant
Fatou component. We provide a brief justification for above question.
Justification: As U is an unbounded completely invariant component so ∂U = J(f) [1].
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Also, BU(f) ∩ J(f) 6= ∅. Hence, these relations together implies that ∂U ∩ BU(f) 6= ∅.
To illustrate the above result we consider following example.
Example 2.3. Consider one parameter family of exponential maps, f(z) = λez, for λ ∈(
0, 1
e
)
. We know that Fatou set of f, F (f) consists of a simply connected completely
invariant component P (which is an attracting basin and the dynamics is attracted to the
attracting fixed point contained inside P , see [7]) and Julia set of f, J(f) is boundary of
P . Since P is completely invariant, hence it is unbounded [1]. As J(f) intersection BU(f)
is non-empty always, we get that in this situation, J(f) = ∂P ∩ BU(f) is non-empty.
Also, Singh proved the following theorem in the same paper which says that, if f, g are
two transcendental entire functions then z0 ∈ BU(f ◦ g) implies that g(z0) ∈ BU(g ◦ f).
In fact, we show that the converse of this theorem also holds, viz.:
Theorem 2.4. Suppose f, g are two transcendental entire functions. Then g(z0) ∈ BU(g◦
f) implies that z0 ∈ BU(f ◦ g) .
Proof. Suppose that z0 6∈ BU(f ◦g) which means that either z0 ∈ I(f ◦g) or z0 ∈ K(f ◦g).
Firstly, suppose that z0 ∈ I(f ◦ g) i.e., (f ◦ g)
n(z0) → ∞ as n → ∞ which further
implies that (f(g ◦ f)n−1(g(z0))) → ∞ as n → ∞. This shows that g(z0) ∈ I(g ◦ f)
and hence a contradiction. Now, suppose that z0 ∈ K(f ◦ g) i.e., there exists a constant
R > 0 such that |(f ◦ g)n(z0)| ≤ R for all n ∈ N. This inequality again leads us to
|(g ◦ f)n(g(z0))| ≤ g(R) = R0 for all n ∈ N i.e., g(z0) ∈ K(g ◦ f) which is a contradiction.
On combining both the observations, we have z0 ∈ BU(f ◦ g) . 
3. results on composite entire functions of filled Julia set and escaping
set
To start with we consider f, g as permutable transcendental entire functions and look
for relations of K(f ◦g) with K(f) and K(g) and similarly for I(f ◦g). It has been already
proved that I(f ◦ g) ⊂ I(f) ∪ I(g) [10]. For K(f ◦ g), one can think of realtions like
K(f)∪K(g) ⊂ K(f ◦ g) or K(f)∩K(g) ⊂ K(f ◦ g). To verify these relations, let us first
consider an example.
Example 3.1. Consider f(z) = z+ sin z, g(z) = z+ sin z+2pi. Notice that f(0) = 0 which
implies 0 ∈ K(f) . Also gn(0) = 2npi, n ∈ N i.e., orbit of 0 escapes to infinity and hence
lies in I(f). Now, (f ◦ g)n(0) = 2npi, n ∈ N which implies that 0 6∈ K(f ◦ g).
From the above example, we can say that the relation K(f)∪K(g) ⊂ K(f ◦ g) need not
hold always. We now establish the following result:
Theorem 3.2. Let f and g be permutable transcendental entire functions. Then K(f) ∩
K(g) ⊂ K(f ◦ g).
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Proof. Suppose that z ∈ K(f) ∩K(g). Consider the array of following sequences:
f(g(z)) f 2(g(z)) f 3(g(z)) · · ·
f(g2(z)) f 2(g2(z)) f 3(g2(z)) · · ·
...
...
...
f(gk(z)) f 2(gk(z)) f 3(gk(z)) · · ·
...
...
...
Now, the first row of the array will converge to l for, if it does not, then g(z) ∈ I(f) which
implies that z ∈ I(f), a contradiction. Using continuity of g, we can say that second row
will converge to g(l) and so on. Let X be the set containing all these limit points. The
following are possible cases for set X .
Case 1: l is periodic point of g. In particular, suppose that l is a fixed point of g. Hence
every sequence of the array will be bounded which shows that z ∈ K(f ◦ g).
Case 2: X is infinite and bounded. Then, by Weierstrass theorem, X has a limit point
which also shows that z ∈ K(f ◦ g).
Case 3: X is unbounded so there exists a subsequence which will escape to infinity which
in turn tells us that z ∈ I(f ◦ g) ⊂ I(f) ∪ I(g) (see [10]) which gives us a contradiction.
From all the above cases, we establish that K(f) ∩K(g) ⊂ K(f ◦ g). 
The next result establishes that for two permutable transcendental entire functions f
and g, their respective escaping sets are invariant under both the functions f as well as g.
Theorem 3.3. Let f, g be permutable transcendental entire functions such that f and g
do not have any finite asymptotic values, then f(I(g) ⊂ I(g).
Proof. We shall prove this result by contradiction. Suppose that z0 ∈ f(I(g)) such that
z0 6∈ I(g) i.e, either z0 ∈ K(g) or z0 ∈ BU(g). First, suppose that z0 ∈ K(g) which
means that there exists R > 0 such that |gn(z0)| ≤ R, for all n ∈ N. Since, z0 ∈ f(I(g))
therefore, there exists w0 ∈ I(g) such that z0 = f(w0). Using this, we can say that
|f(gn(w0))| ≤ R , for all n ∈ N which shows that f has a finite asymptotic value and
hence gives a contradiction. So, contradiction to this possibility implies that z0 ∈ BU(g).
By definition of BU(g), there exists two subsequences {nk}, {mk} and a constant A >
0 such that gnk(z0) → ∞ as k → ∞ and |g
mk(z0)| < A for all k = 1, 2, 3, . . . Similarly, we
can say that |f(gmk(w0))| < A for all k = 1, 2, 3, . . . which gives us that w0 is a finite
asymptotic value of f which is a contradiction. Hence the result. 
Remark 3.4. As as consequence of Theorem 3.3 one obtains, fn((I(g))) ⊂ I(g), n ∈ N.
Remark 3.5. It was shown in [10] that for two permutable entire functions f and g, I(g) ⊂
f(I(g) which further implies I(g) ⊂ fn((I(g))) for all n ∈ N. Combining this with above
result, we conclude that fn((I(g))) = I(g) for all n ∈ N.
Analogously, one obtains g(I(f)) ⊂ I(f) and hence gn(I(f)) ⊂ I(f) for all n ∈ N. This,
in particular, establishes that for two permutable transcendental entire functions f and g,
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both I(f) and I(g) are completely invariant under both f and g. We illustrate Theorem
3.3 with an example:
Example 3.6. Letf(z) = z + 1 + e−z, g(z) = f(z) + 2piι. Using above result , we can say
that f(I(g) ⊂ I(g) as f and g do not have any finite asymptotic values. However, we
verify this analytically. For this, suppose that z0 ∈ f(I(g) i.e, there exists w0 ∈ I(g) such
that z0 = f(w0). Using induction, we can find that
|gn−1(z0)| = |f
n(w0) + n2piι− 2piι|
= |gn(w0)− 2piι|
≥ |gn(w0)| − |2piι|
which tends to infinity as n tends to infinity as w0 ∈ I(g).
Under the hypothesis of Theorem 3.3, we now establish that the escaping set of com-
position of two permutable entire functions contains the union of escaping set of the two
functions.
Theorem 3.7. Let f and g be permutable transcendental entire functions such that f and
g do not have any finite asymptotic values. Then I(f) ∪ I(g) ⊂ I(f ◦ g).
Proof. Suppose z0 ∈ I(f)∪ I(g). This implies that z0 ∈ I(f) or z0 ∈ I(g). Firstly, consider
the case when z0 ∈ I(f). Consider the array of following sequences:
f(g(z0)) f
2(g(z0)) f
3(g(z0)) · · ·
f(g2(z0)) f
2(g2(z0)) f
3(g2(z0)) · · ·
...
...
...
f(gk(z0)) f
2(gk(z0)) f
3(gk(z0)) · · ·
...
...
...
Using Theorem 3.3, we have gn(I(f)) ⊂ I(f) for all n ∈ N and so gk(z0) ∈ I(f) for all
k ∈ N. This implies that each of the rows escapes to infinity and as a result the diagonal
sequence {(f ◦ g)n(z0) : n ∈ N} also escapes to infinity. This establishes that z0 ∈ I(f ◦ g).
In the second case when z0 ∈ I(g), we interchange the role of f and g in above array of
sequence, and using the fact that fn(I(g)) ⊂ I(g), we arrive at the conclusion and hence
the result. 
Remark 3.8. It was shown in [10] that for two permutable entire functions f and g, I(f ◦
g) ⊂ I(f) ∪ I(g). This, together with above result, provides a class of permutable entire
functions f and g satisfying I(f ◦ g) = I(f) ∪ I(g).
Using Theorem 3.3 and 3.7, we now give an important relation between Bungee set of
composite entire function with those of the individual functions.
Theorem 3.9. Let f and g be two permutable entire functions such that both f and g do not
have any finite asymptotic values. Then BU(f ◦ g) ⊂ BU(f) ∩BU(g) ⊂ BU(f) ∪BU(g).
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Proof. Suppose that z0 ∈ BU(f ◦g). This implies there exists two subsequences {nk}, {mk}
and a constant R > 0 such that (f ◦ g)nk(z0) → ∞ as k → ∞ and |(f ◦ g)
mk(z0)| <
R for all k ∈ N. It is enough to show that z0 ∈ BU(g) (as the proof of z0 ∈ BU(f) follows
on similar lines). For this, we will show that z0 cannot be in I(g) as well as K(g). We
divide the proof into several cases:
Case(1): Suppose that gnk(z0)→∞ and g
mk(z0)→∞ as k →∞.
From here, we can assume that gn(z0) →∞ as n→∞ (for, if there exists a subsequence
{pk} such that g
pk(z0) stays bounded as k → ∞ then this will imply that z0 ∈ BU(g)).
Also, using Theorem 3.3, fk(I(g) ⊂ I(g) for every k ∈ N. In particular, fmk(z0) ∈ I(g)
which implies that (g ◦ f)mk(z0)→∞ as k →∞ which is a contradiction.
Case(2): Suppose that gnk(z0) → a and g
mk(z0) → ∞ as k → ∞. This again shows that
z0 ∈ BU(g) and the result follows.
Case(3): Suppose that gnk(z0)→ a and g
mk(z0) → b as k →∞. It follows that z0 ∈ K(g)
(for, if there exists a subsequence {pk} for which g
pk(z0)→∞ as k →∞ then we are back
to Case(2) and hence z0 ∈ BU(g)). It can be easily observed that f(K(g) ⊂ K(g). In
particular, fnk(z0) ∈ K(g) i.e., there exists A > 0 such that |g
n(fnk(z0))| < A for all n ∈
N. This implies that |(f ◦g)nk(z0)| < A for all k ∈ N which is again a contradiction. Hence,
from the above cases, we conclude that z0 ∈ BU(g). The proof of z0 ∈ BU(f) follows on
similar lines.
Thus, we obtain that BU(f ◦ g) ⊂ BU(f) ∩BU(g) ⊂ BU(f) ∪BU(g). 
Bergweiler and Wang [6], showed that for two entire functions f and g, z ∈ F (f ◦ g) if
and only if f(z) ∈ F (g ◦ f). We now prove a similar result which gives a relation between
K(f ◦ g) and K(g ◦ f).
Theorem 3.10. Let f, g be two transcendental entire functions. Then z0 ∈ K(f ◦ g) if
and only if g(z0) ∈ K(g ◦ f).
Proof. Let z0 ∈ K(f ◦ g). Then there exists a constant A > 0 such that |(f ◦ g)
n(z0)| ≤
A for all n ∈ N. Suppose that g(z0) 6∈ K(g ◦ f) so either g(z0) ∈ BU(g ◦ f) or g(z0) ∈
I(g ◦ f).
Case1: Let g(z0) ∈ BU(g ◦ f). Then there exists two subsequences {nk}, {mk} and a
constant R > 0 such that (g ◦f)nk(g(z0))→∞ as k →∞ and |(g ◦f)
mk(g(z0))| < R for all
k = 1, 2, 3, . . . In particular, for any M there exists k0 ∈ N such that |(g(f ◦ g)
nk(z0)| > M
for all k ≥ k0 which shows that z0 6∈ K(f ◦ g) which is a contradiction.
Case2: Now let g(z0) ∈ I(g ◦ f) i.e., (g ◦ f)
n(g(z0))→∞ as n→∞ which in turn implies
that z0 ∈ I(f ◦ g) which is again a contradiction. On combining both the above cases, we
get that g(z0) ∈ K(f ◦ g).
Conversely, suppose that g(z0) ∈ K(f ◦ g). We show that z0 ∈ K(f ◦ g). We prove
this again by contradiction. Suppose that z0 ∈ BU(f ◦ g). Therefore, there exists two
subsequences {nk}, {mk} and a constant R > 0 such that (f ◦ g)
nk(z0) → ∞ as k → ∞
and |(f ◦ g)mk(z0)| < R for all k = 1, 2, 3, . . . In particular, for any M there exists k0 ∈ N
such that |(f(g◦f)nk−1(g(z0))| > M for all k ≥ k0 which shows that g(z0) 6∈ K(g◦f) which
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is a contradiction. Now, suppose that z0 ∈ I(f ◦ g) i.e., (f ◦ g)
n(z0)→∞ as n→∞ which
in turn implies that g(z0) ∈ I(g ◦ f) which is a contradiction. In both the situations, we
arrive at a contradiction. Hence, we get that z0 ∈ K(f ◦ g) which completes the proof. 
We now deal with the situation when f and g are conjugate entire functions. Recall
that two entire functions g and h are conjugate if there exists a conformal map φ : C→ C
with φ ◦ g = h ◦ φ. By a conformal map φ : C → C we mean an analytic and univalent
map of the complex plane C which is of the form az + b, for some 0 6= a, b ∈ C.
As we know that if f and g are transcendental entire functions which are conjugate to
each other under φ(z) = az+ b, where 0 6= a, b ∈ C, then φ carries F (f) to F (g). We shall
prove similar kind of result for Bungee sets.
Theorem 3.11. Suppose f and g are transcendental entire functions which are conjugate
to each under φ, φ(z) = az + b, where 0 6= a, b ∈ C, then φ(BU(f) = BU(g).
Proof. Let z0 ∈ BU(f). Then there exists two subsequences {nk}, {mk} and a constant
R > 0 such that fnk(z0)→∞ as k →∞ and |f
mk(z0)| < R for all k = 1, 2, 3, . . .. We have
to show that φ(z0) ∈ BU(g). For this, consider g
nk(φ(z0)) = φ(f
nk(z0) which approaches
to infinity as k approaches to infinity. Also,
|gmk(φ(z0))| = |φ(f
mk(z0))|
< |a|R + |b|.
This shows that φ(z0) ∈ BU(g). One can argue on the similar lines to show that BU(g) ⊂
φ(BU(f). Hence, φ(BU(f) = BU(g). 
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